We investigate the spin-1 2
I. INTRODUCTION
Quantum antiferromagnetic models on twodimensional frustrated lattices provide a natural habitat for the birth of novel quantum spin-liquid states [1] [2] [3] , whose search has been a keynote of contemporary condensed matter physics [4] . For example, spin-1 2 Heisenberg models defined on the kagome lattice have been shown to potentially host exotic spin liquids, sometimes with controversial findings from different numerical methods. This includes potential microscopic models for the chiral spin liquid as originally described by Kalmeyer and Laughlin and similar states [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , the gapped (topological) Z 2 spin liquid proposed to describe the properties of the nearest-neighbor model of this highly frustrated lattice [21] [22] [23] [24] , the foundation of paradigmatic gapless spin liquids such as the U (1) Dirac spin liquid and algebraic spin liquids [25] [26] [27] [28] , and attempts to resolve magnetic phase diagrams assisting the experimental investigation of Herbertsmithite crystals and polymorphs thereof [29] [30] [31] [32] [33] . (Color online) Schematic illustrations of the coplanar three-sublattice (black, blue, and red) magnetic order on the triangular lattice (a), the resonating-valence bond spin liquid (b) and the collinear two-sublattice (blue and red) stripe magnetic order (c). The phase diagram, as obtained by using variational Monte Carlo method is also reported. Note that the DSL found here can be represented as a resonatingvalence bond spin liquid with a power-law distribution of bond amplitudes. Z 2 spin liquids, and pointed out promising candidates at the fermionic mean-field level. This approach was extended by Bieri, Lhuillier, and Messio [54] to include chiral spin liquids as well. A bosonic mean-field classification has likewise been accomplished [55, 56] , with some of the states addressed already in earlier works [57, 58] .
In this paper, we address the J 1 − J 2 Heisenberg model on the triangular lattice from the viewpoint of versatile Gutzwiller projected Abrikosov-fermion wave functions (optionally supplemented by Lanczos optimization), which we implemented by using efficient VMC techniques. To enable a comparison of the variational energies, we also perform DMRG and Lanczos diagonalizations for specific regions in parameter space. In order to resolve the magnetic susceptibility profile in the paramagnetic regime, we employ pseudofermion functional renormalization group (PFFRG) calculations, the results of which are then compared with analogous results from DMRG and VMC. Our main VMC results are summarized as follows: a spin-liquid phase is stabilized for 0.08 J 2 /J 1 0.16 ( Fig. 1) , in excellent agreement with DMRG [50, 51] and CCM [46] . Within the spinliquid regime, however, we find no signal of stabilization for any of the gapped symmetric or nematic Z 2 states proposed in Refs. 52 and 53. In particular, the gapped Z 2 spin liquids are found to have higher energies compared to the gapless U (1) Dirac spin liquid (DSL); the gapless Z 2 spin liquids suffer the same fate. We find that nematic order only onsets simultaneously with collinear antiferromagnetic order, which is also supported by the analysis of nematic response functions in PFFRG. On performing a couple of Lanczos optimization steps on the VMC variational result, followed by a zero-variance extrapolation, we obtain estimates of the exact ground-state and S = 2 excited-state energies on different cluster sizes. Our estimate of the ground-state energy on finite-systems is in excellent agreement with exact diagonalization and other numerical methods. In the thermodynamic limit, our estimate of the ground-state energy is equal to the one obtained by DMRG, within error-bars. However, in contrast to DMRG results, which found a finite spin excitation gap, the S = 2 gap computed in VMC is found to extrapolate to zero (within error-bars) in the thermodynamic limit. These findings strongly point to a gapless spin liquid ground state, yielding a clear disagreement with the findings by DMRG.
The article is organized as follows. In Sec. II, we describe the model Hamiltonian and discuss its finite-size spectra obtained from exact diagonalization, followed by a description of the pseudofermion spin representation framework. In Sec. III, the variational Monte Carlo method, the associated wave functions, and the pseudofermion functional renormalization group method are explained. In Sec. IV, we present the results on, the energy optimization of competing variational states, spin excitation gap, spin structure factors, followed by a discussion of the findings from different methods. Conclusions are given in Sec. V. (Color online) Exact low-energy spectra (measured from the total-symmetric state energy E0) on the 6 × 6 cluster for different values of J2/J1. The states are classified according to their spin, momentum q, and eigenvalue R 2π/6 of 2π/6 rotations. The total-symmetric state is a singlet with q = (0, 0) and R 2π/6 = 1. The other states are, (i) a singlet with q = (0, 0) and R 2π/6 = e i2π/6 (green squares), degenerate with R 2π/6 = e −i2π/6 , (ii) a triplet with q = (4π/3, 0) (red circles), which is degenerate with q = (2π/3, 2π/ √ 3), and (iii) a triplet with q = (0, 2π/ √ 3) (blue diamonds), which is degenerate with other two states at symmetry-related q points.
II. MODEL
The Hamiltonian for the spin-
where both J 1 and J 2 are positive; i, j and i, j denote sums over nearest-neighbor (NN) and next-nearestneighbor (NNN) pairs of sites, respectively. S i = (S at site i. All energies will be given in units of J 1 .
A. Finite-size spectra Before discussing our main results based on VMC and PFFRG approaches (see Sec. IV), we would like to show the results of exact diagonalizations on a small 6×6 cluster. All eigenstates can be classified according to their quantum numbers relative to translations (denoted by the momentum q); for particular values of q, also π/3 rotations and reflections with respect to the x-axis can be specified, their quantum numbers being R 2π/6 and R x , respectively. The results for 0 J 2 /J 1 1/2 are given in Fig. 2 , where the energies per site of few relevant states are reported in comparison with the totalsymmetric singlet with q = (0, 0), R 2π/6 = 1 and R x = 1.
In particular, we show (i) a singlet with q = (0, 0) and R 2π/6 = e i2π/6 , which is degenerate with the one having R 2π/6 = e −i2π/6 , (ii) a triplet with q = (4π/3, 0), which is degenerate with the one having q = (2π/3, 2π/ √ 3), and (iii) a triplet with q = (0, 2π/ √ 3), degenerate with q = (π, ±π/ √ 3). The ground state is a total-symmetric singlet for J 2 /J 1 0.15; for J 2 /J 1 0.2 singlets with R 2π/6 = e ±i2π/6 collapse on it, even having a slightly lower energy on this cluster. This fact is compatible with the rise of a phase with stripe collinear order in the thermodynamic limit (or a spontaneous breaking of rotational symmetry). In addition, a level crossing appears also in the triplet sector: for small values of J 2 /J 1 , the lowest-energy triplet has q = (4π/3, 0) (or q = (2π/3, 2π/ √ 3)), which is compatible with the presence of 120°order in the thermodynamic limit; by contrast for larger values of J 2 /J 1 , the lowest-energy triplet has q = (0, 2π/ √ 3) (or symmetry related momenta), compatible with the collinear magnetic order. Unfortunately, on such a small cluster, it is impossible to establish with precision the locations of phase transitions, as well as the possible existence of a magnetically disordered phase. Therefore, we address these important questions using variational wave function and functional renormalization group approaches, which are described in the ensuing section.
B. Pseudofermion mean-field theory
A traditional recipe for the construction of a spin liquid at the mean-field level [21, 59, 60] rests on the introduction of fictitious fermionic fields represented by Abrikosov "pseudofermion" operators, c i,α with (α =↑, ↓), corresponding to spin-1/2, charge neutral quasi-particles, called spinons. The physical spin operator S i can then be expressed as a bilinear in the spinon operators [61] :
where the summation over the repeated greek indices is implied and σ = (σ x , σ y , σ z ) denotes the Pauli matrices. This representation is endowed with a local SU (2) gauge symmetry in which [62] [63] [64] the original spin model, there are two states per site (i.e., up and down spin), in the fermionic representation, there are four states per site (i.e, empty, doubly occupied, and singly occupied with up or down spin). Therefore, in order to describe a legitimate spin state in the fermionic representation, one needs to restrict to the sub-space of exactly one-fermion per site with the local constraint:
Here, we would like to mention that both VMC and PFFRG approaches enforce this constraint exactly, as described in Sec. III. The PFFRG approach does not assume any particular starting point to treat the Hamiltonian of Eq. (4), thus avoiding to introduce any possible bias in the calculations; by contrast, within VMC, a noninteracting state is considered (and then projected into the correct Hilbert space). In this respect, it is useful to briefly discuss the simplest possible approximation of Eq. (4), which consists in a mean-field treatment:
where the operators c † i,α c j,α and c i,↑ c j,↓ have been replaced by their corresponding ground-state expectation values, χ ij = c † i,α c j,α and ∆ ij = c i,↑ c j,↓ , respectively. The local constraint (5) has been replaced by a global one, through the inclusion of a Lagrangian multiplier. Within this approximation, the mean-field ground state |Ψ MF is obtained by diagonalizing Eq. (6). However, |Ψ MF lives in the enlarged (i.e., fermionic) Hilbert space and, in order to obtain a legitimate wave function for spins, one must include fluctuations around the meanfield state. In this respect, an accurate treatment of all (spatial and temporal) fluctuations becomes crucial. On a lattice system, it proves impossible to analytically treat all these fluctuations in an accurate manner and one has to resort to approximate methods. Temporal fluctuations of the Lagrange multiplier µ are particularly important, since they enforce the one-fermion per-site constraint. In the following, we will describe two possible numerical approaches for describing the ground-state properties of the spin model.
III. METHODS

A. Variational Quantum Monte Carlo
One possibility to enforce exactly the one-fermion per site constraint is to apply the Gutzwiller projector to the uncorrelated wave function. function includes strong correlations among the fermionic objects.
Our variational wave functions are defined as:
Here, |Φ 0 is an uncorrelated wave function that is obtained as the ground state of a generic noninteracting Hamiltonian, like the one of Eq. (6); P G = i (n i,↑ − n i,↓ ) 2 is the Gutzwiller projector. Notice that |Φ 0 is obtained without any self-consistent requirement, as in the mean-field approach, but it is found by minimizing the energy in presence of the Gutzwiller projector. In addition to the Gutzwiller term, a spin-spin Jastrow factor is also included to describe magnetically ordered phases:
where, u ij is a translationally invariant pseudopotential that depends upon the distance |R i −R j | of two sites. All the independent parameters in the pseudopotential are optimized via Monte Carlo simulations. By construction, the Jastrow factor breaks the spin SU (2) symmetry of the Heisenberg model. In the following, we consider two cases for the noninteracting Hamiltonian that are suitable for generating magnetic and spin-liquid wave functions. The magnetic states are defined from:
where χ ij and h are parameters that can be optimized to minimize the variational energy. The periodicity of the magnetic order is defined by the vector M i . Here, we take M i in the XY plane, i.e., M i = (cos(q·R i ), sin(q·R i ), 0), where q is the pitch vector. In this way, the Jastrow factor (8) correctly describes the relevant quantum fluctuations around the classical spin state [65] . It is worth mentioning that the existence of magnetic longrange order is directly related to the presence of a finite parameter h. Here, we study two magnetic orders: (i) the three-sublattice 120°order, corresponding to q = (4π/3, 0), with the Ansatz for χ ij in Eq. (9) given by Fig. 3(a) and (ii) a stripe collinear order, corresponding to q = (0, 2π/ √ 3), with the Ansatz for χ ij in Eq. (9) given by Fig. 3(b) . These choices of χ ij give the most competitive magnetic wave functions.
On the other hand, the spin-liquid wave functions are defined from the noninteracting Hamiltonian of Eq. (6), where, in addition to the hopping terms there is also a singlet pairing (∆ ij = ∆ ji ), chemical potential µ and onsite pairing ζ. Different patterns of distribution of χ ij and ∆ ij , along with a specification of the on-site terms µ and ζ lead to distinct spin liquids, see Ref. [60] for a systematic classification scheme. Moreover, the spinspin Jastrow factor can be also included to improve the variational energy.
When a particle-hole transformation is performed on down electrons:
the mean-field Hamiltonian (6) commutes with the total number of particles. Therefore the uncorrelated state is defined by filling suitable single-particle orbitals. Boundary conditions should be taken in order to have a unique state (i.e., filling all orbitals in a shell with the same mean-field energy). Periodic (P) and anti-periodic (A) boundary conditions along the a 1 and a 2 lattice vectors [see Fig The variational parameters in the spin wave function of Eq. (7) are optimized using an implementation of the stochastic reconfiguration (SR) optimization method [66, 67] . This allows us to obtain an extremely accurate determination of variational parameters. Indeed, small energy differences are effectively computed by using a correlated sampling, which makes it possible to strongly reduce statistical fluctuations. The current problem of the study of the instability of gapless spin liquids towards Z 2 states will clearly demonstrate the power of this method in navigating complicated energy landscapes.
In order to have a systematic improvement of the trial variational wave function and approach the true ground state, we can apply a few Lanczos steps to |Ψ var [68] :
Here, the α k 's are variational parameters. The convergence of |Ψ p-LS to the exact ground state |Ψ ex is guaranteed for large p provided the starting state is not orthogonal to |Ψ ex , i.e., for Ψ ex |Ψ var = 0. On large cluster sizes, only a few steps can be efficiently performed and here we implement the case with p = 1 and p = 2 (p = 0 corresponds to the original trial wave function). Subsequently, an estimate of the exact groundstate energy may be achieved by the method of variance extrapolation. For sufficiently accurate states, we have that E ≈ E ex + constant × σ 2 , where E = Ĥ /N and σ 2 = ( Ĥ 2 − Ĥ 2 )/N are the energy and variance per site, respectively, whence, the exact ground-state energy E ex can be extracted by fitting E vs σ 2 for p = 0, 1, and 2. The energy and its variance for p = 0, 1, and 2 Lanczos steps are obtained using the standard variational Monte Carlo method.
B. Pseudofermion functional renormalization group
The PFFRG approach [69, 70] has been successfully employed to different types of hexagonal magnets [29, [70] [71] [72] [73] , and is also based on the decomposition of the spin operator of Eq. (2), thus requiring to enforce the constraint of one fermion per site. In our formalism, the pseudofermion number fluctuations are explicitly not present, since we never allow the system to have any diagrammatic contributions that deviate from the one-pseudofermion per site constraint. The fermionic representation empowers one to exploit Feynman diagrammatic many-body techniques on the Hamiltonian (4). Starting from a bare level above all spin exchange couplings at half-filling, the bare local free propagator in Matsubara space is given by G 0 (iω) = 1 iω , wherein the absence of a self-energy term is just a manifestation of the fact that the fermionic Hamiltonian (4) does not contain any quadratic term. The global Langrange parameter µ related to the single occupancy constraint falls out of the equation because of particle-hole symmetry at half filling. Together, the initial formulation of the propagator along with the flow equations throughout preserve the strict locality of the propagator in real space. The PFFRG framework proceeds by introducing an infrared frequency cutoff Λ in the fermion propagator, and by triggering a purely imaginary self-energy term induced by the implicit diagrammatic summation, i.e.,
, resulting in a Λ-dependence of all mparticle vertex functions. (Note that recently, PFFRG formulations with an initial guess of the self energy term Σ ∞ = 0 have also been developed [74] .) The PFFRG Ansatz (for recent reviews on FRG, see Refs. 75 and 76) formulates an infinite hierarchy of coupled integrodifferential equations for the evolution of all m-particle vertex functions under the flow of Λ. Within PFFRG, the truncation of this system of equations to a closed set is accomplished by the inclusion of only two-particle reducible two-loop contributions, which are found to ensure sufficient back-feeding of the self-energy corrections to the two-particle vertex evolution [77] . A crucial advantage of the PFFRG as compared to Abrikosov-type spin random phase approximation methods is that the diagrammatic summation installed by the flow incorporates vertex corrections between all interaction channels, i.e., the twoparticle vertex includes graphs that favor magnetic order and those that favor disorder in such a way that it treats both tendencies on equal footing. A numerical solution of the PFFRG equations is made possible by (i) discretizing the frequency dependencies of the vertex functions and (ii) limiting the spatial dependencies to a finite cluster. In our calculations, the number of discretized frequencies is 64, and the spatial extent is restricted to ∼ 10 lattice spacings. When some correlations extend beyond this limiting distance, we observe a change in the nature of the renormalization flow from smooth to an unstable one accompanied by enhanced oscillations. We interpret this behavior as the existence of a nearby spontaneous symmetry breaking phase. Reversely, the existence of a stable solution indicates the absence of long-range order. From the effective low-energy two-particle vertex, we obtain the real-space zero-frequency spin susceptibility α ij :
From it, we get the momentum resolved spin susceptibility α(q) by a Fourier transform:
where N is the size of the cluster used in real space.
In the case of a magnetically disordered regime, we can track possible valence-bond crystal and nematic orders by computing their respective response functions. Here, we are particularly interested in studying the tendency of the spin liquid towards spontaneous breaking of rotation symmetry, i.e., a nematic spin liquid. Within our PF-FRG framework, a conceptually simple way to calculate the nematic response function κ nem , which measures the tendency of the system to support nematic order, is to add a small perturbation to the bare Hamiltonian which enters the flow equations as the initial condition for the two-particle vertex:
which strengthens the couplings J ij on all bonds in S [J ij → J ij + δ for (i, j) ∈ S] and weakens the couplings in
The bond pattern P ≡ {S p , W p } employed here specifies the channel of lattice point group symmetry breaking one intends to investigate. Such a modification amounts to changing the initial conditions of the RG flow at large cutoff scales Λ. As Λ is lowered, we keep track of the evolution of all NN spin susceptibilities α ij . We then define the p-pattern nematic response function for a given pair of adjacent sites (i, j) by
where the normalization factor J/δ ensures that the RG flow starts with an initialized value of κ P nem = 1. If the absolute value κ P nem remains small under the RG flow, the system tends to equalize, i.e., to reject the perturbation on that link, while, if κ P nem develops a large value under the RG flow it indicates that the system supports the p-pattern nematic order. [78, 79] , we use the three largest clusters to get an estimate in the thermodynamic limit. Similarly, for other values of J2/J1, using the three largest clusters we perform size-scalings which are assumed to be linear in 1/L 3 for the antiferromagnetic regimes and 1/L for the spin-liquid regime, in order to obtain the corresponding thermodynamic estimates of the energy. They are plotted in (b) as a function of J2/J1. Note that here we use Jastrow wave function of Eq. (7) also for the spin-liquid regime.
hoppings are real, equal in magnitude, and positive, leading to no magnetic fluxes piercing the lattice). This is a gapless state with a spinon Fermi surface. (ii) The DSL (for which all NN hoppings are real, of equal magnitude, and with the sign structure of Fig. 3(a) , giving rise to π flux in half of the triangles). This is a gapless state with low-energy Dirac conical excitations [53] . The L×L clusters may be divided in two different classes, those with L = 4n, or those with L = 4n + 2, where n is a positive integer. For the uRVB state, on both these cluster types, only [P,A] BC gives a closed shell configuration and is used for the present study. The other three BCs give an open shell. For the DSL, on L = 4n type clusters, [P,P] gives an open shell, the rest three give a closed shell and we use [A,P] BC in the present study. On L = 4n + 2 type clusters, all four boundary conditions give a closed shell, and we use [A,P] BC in the present study.
The variational energies of these two states provide a reference for all the rest of the paper and are given (on the 32 × 32 cluster) by (here the spin-spin Jastrow factor is not included)
Hence the DSL energetically outshines the uRVB state for the parameter regime 0 J 2 /J 1 0.8766 (2) .
Let us now discuss our VMC results. First of all, we investigate the region with 0 J 2 /J 1 1/8. Here, we consider the variational wave function that is generated from 
6 torus and the thermodynamic limit. The energies computed by the first two methods (denoted by an asterisk) are from the present study. The DMRG estimate on the 6 × 6 torus is obtained by extrapolating in the truncation error, where at most 8000 SU (2) states are kept, while the thermodynamic estimate is obtained from extrapolating cylindrical the uncorrelated Hamiltonian (9) with q = (4π/3, 0) and the hopping Ansatz of Fig. 3(a) . The variational parameters are the antiferromagnetic parameter h and all the independent u ij 's of the spin-spin Jastrow factor (8) . After optimizing on cluster sizes up to L = 36, we find that for J 2 /J 1 0.06, the h parameter extrapolates to a finite value in the thermodynamic limit, indicating the existence of magnetic order, see Fig. 4(a) . By contrast, for J 2 /J 1 0.08, the strong frustration is able to melt the antiferromagnetic order; here, the h parameter extrapolates to zero (within error-bars) in the thermodynamic limit, see Fig. 4(a) . The high-accuracy of our magnetic wave functions is demonstrated by the fact that for J 2 = 0, i.e., the NN Heisenberg antiferromagnet, we get an energy per site in the thermodynamic limit of E/J 1 = −0.545321(7), which ranks amongst the most competitive variational estimates reported so far, see Fig. 5(a) and Table I for comparison of energies from different methods.
Then, we move towards investigating the second regime of interest, i.e., 1/8 J 2 /J 1 1. Here, the ordering wave vector is expected to be that of stripe collinear order, i.e., q = (0, 2π/ √ 3), which breaks rotation symmetry; hence, a consistent choice of the Ansatz for χ ij in Eq. (9) is the one of Fig. 3(b) . It is found upon optimization on cluster sizes up to L = 36, that for J 2 /J 1 0.16, the h parameter extrapolates to zero (within error-bars) in the thermodynamic limit. Instead, for J 2 /J 1 0.16, the frustration starts getting relieved, and the collinear order onsets for J 2 /J 1 0.18, see Fig. 4(b) . Therefore, our results strongly suggest that close to the classical transition J 2 /J 1 = 1/8 a quantum paramagnet settles down for 0.06 J 2 /J 1 0.16. This estimation of the phase boundaries is in excellent agreement with previous DMRG [50, 51] and CCM [46] studies. Moreover, by a close inspection of the thermodynamic energy per site versus J 2 /J 1 , we obtain a quite clear evidence that the first transition is continuous (no visible discontinuities on the energy), while the second one is first-order, see Fig. 5(b) .
We now address the important question of identifying the nature of the quantum paramagnet and study competing candidate states (see Table II ). In the following, we consider spin-liquid states generated from the uncorrelated Hamiltonian (6) without the spin-spin Jastrow factor. Indeed, although the inclusion of the latter one gives a slight improvement of the variational energy, it spoils the spin SU (2) invariance of the correlated wave function. Instead, here we want to deal with bona fide spin-liquid wave functions. Following the previous work done by Zheng et 2. The Z 2 {π}A state: the symmetric version has NN hoppings equal to the ones of the DSL, with the NNN hoppings being identically zero by symmetry, and an on-site pairing term that opens a gap at the Dirac nodes. The nematic version of the spin-liquid Ansatz is shown in Fig. 3(b) . It is continuously connected to the DSL and happens to be the only gapped spin liquid in its neighborhood. This state corresponds to the Ansatz No. 20 in Ref. [53] .
3. The Z 2 C state: the symmetric version has all identically vanishing NN amplitudes and is neither continuously connected to the uRVB nor to the DSL. The Ansatz for the nematic version of this spin liquid is shown in Fig. 3(c) . This spin liquid corresponds to the Ansatz No. 6 of Ref. [53] .
4. The Z 2 {π}B state: this is a gapless Z 2 spin liquid which is continuously connected to the DSL. Its symmetric version is derived by adding a NNN pairing term on top of NN hopping π-flux Ansatz, which breaks the U (1) gauge structure down to Z 2 but keeps the spinon spectrum gapless. This state corresponds to the Ansatz No. 18 of Ref. [53] .
Let us focus our attention to the case with J 2 /J 1 = 1/8 (well inside the magnetically disordered region); the energies per site of the two parent gapless U (1) states are (on the 32 × 32 cluster) E uRVB /J 1 = −0.352287(3) and E DSL /J 1 = −0.501980(1), see Eqs. (16) and (17) . The results of optimizations of the above four competing Z 2 spin liquids wave functions on a 32 × 32 cluster are now discussed. For a generic unbiased starting point in the variational space of the Z 2 {0}A spin liquid, the variation of parameters and energy in the SR optimization is shown in Fig. 6(a) . It is found that the parent uRVB spin liquid undergoes a pairing instability towards this gapped nematic Z 2 state, which is stabilized with an optimal energy of E/J 1 = −0.47729(2). The energy gain is significant, but not enough to overcome the DSL. This situation should be contrasted with the spin-1/2 kagome Heisenberg antiferromagnet, where the spinon Fermi surface state remains stable towards all gapped Z 2 spin liquids in its neighborhood [31, 85] .
We now discuss the fate of the Z 2 {π}A spin liquid, whose proximity to the DSL makes it the most promising candidate state on energetic grounds. The parameter and energy optimization in Fig. 6(b) clearly show that the energy converges neatly to the reference value of the DSL corresponding to χ NN (1,1) → 1 and (χ NNN (2,1) , µ, ζ R )→ 0. Here, we would like to bring attention to the important fact that despite the energy having essentially converged after ≈ 400 iterations, the parameters did not converge and were still varying, converging to their final values much later than the energy. This fact is possible because, in the energy minimization, forces are calculated through the correlated sampling and not by energy differences [66] . The energy landscape along the manifold connecting the DSL to the Z 2 {π}A one is thus very flat. Consequently, assessing the stability of the DSL by solely computing the energy of the perturbed wave function with fixed parameters (i.e., point by point independently, as was done in Ref. [52] ) is very hard. Only by performing an accurate SR optimization method can one successfully optimize the parameters and transparently show that χ NN (1,1) = 1 and (χ NNN (2,1) , µ, ζ R )= 0 corresponds to the actual minimum of the variational energy. This fact implies that the nematic order parameter is absent, the system is gapless, with the U (1) gauge structure kept intact, and hence, the DSL is locally and globally stable with respect to destabilizing into the Z 2 {π}A state. We verified this result by doing many optimization runs starting from different random initial values of the parameters in the four-dimensional variational space. This situation is in consonance with what happens for the kagome Heisenberg antiferromagnet [85] .
The Z 2 C state suffers the same fate as the Z 2 {0}A spin liquid, namely that upon optimization [see Fig. 6(c)] , it is stabilized but with a much higher energy of E/J 1 = −0.33877(3) compared to the DSL. Lastly, we study the gapless symmetric Z 2 {π}B state. Also in this case, we find that the optimization smoothly goes back to the DSL with ∆ NNN → 0, see Fig. 6(d) . For all the above four spin liquid wave functions, we reach similar conclusions for various values of J 2 /J 1 (within the spin liquid regime), other cluster sizes, and different choices of allowed boundary conditions.
Valence-bond crystal (VBC) states also represent an important class of instabilities of spin liquids [86, 87] . Here, we study VBC orders [88] , with two-and four-site unit cells, respectively called VBC 2 and VBC 4 states, and investigate if the DSL and Z 2 {π}A states are sta- On starting from different sets of initialized parameter values, for both cases the optimization gives back the DSL, with all hoppings being equal and ζR = 0 (χ1 = 1 is set as the reference). Note that we include the on-site pairing ζR so as to capture potential instabilities of the Z2{π}A state towards VBC ordering.
ble towards undergoing a phase transition to these VBC orders under perturbations. The result of optimizations of VBC wave functions are shown in Fig. 7 . We find that both these spin-liquid Ansätze are locally and globally stable towards dimerizing into VBC orders, similar to the situation on the kagome lattice [89, 90] . Having established that the DSL is stable and represents the lowest energy variational wave function (within the class of Gutzwiller-projected fermionic states), we consider it as the starting (p = 0) state and improve it by applying Lanczos steps [27, 91, 92] . At J 2 /J 1 = 1/8, the effect of two Lanczos steps for different cluster sizes is shown in Fig. 8(a) [see also Table III for the actual values of the energies of the DSL]. Our estimate of the groundstate energy on 6 × 6 cluster is in excellent agreement with the exact result, and equal (within error-bars) to the corresponding estimate from DMRG [see Table IV , and Figs. 9(a) and 9(c)]. Similarly, on the 8 × 8 cluster, the estimate of the ground-state energy from VMC is equal (within error-bars) to the DMRG estimate [see Table IV and Fig. 9(b) and Fig. 9(d) ]. Moreover, our VMC energies are considerably lower compared to the ones from previous VMC studies [see Table IV ].
The very computationally demanding p = 2 calculations have been performed for L = 6, 8, 10, 12, and 14 clusters, while for the L = 20 cluster only the first Lanczos step has been considered. In the former cases, the zero-variance extrapolation can be exploited by a quadratic fit of the three points,
2 . For the largest cluster, i.e., L = 20, we also considered a quadratic fit: we first obtained an estimate of the A and B coefficients by a size scaling of the smaller clusters and then verified that indeed, these values give an excellent fit (i.e., least mean-square error) of the points for L = 20 cluster. It is worth mentioning, that the zero-variance extrapolation gives size consistent results for the energy per site. Indeed, even though the Lanczos step procedure (with a fixed p) becomes less and less efficient when increasing the system size, the extrapolation procedure remains accurate: this can be seen by noticing that the gain in the energy and variance with respect TABLE IV. At J2/J1 = 1/8, the estimates of the groundstate energy per site (in units of J1) obtained by different methods on 6×6 and 8×8 tori, as well as its estimation in the thermodynamic limit. The VMC estimates are obtained using zero-variance extrapolation and the DMRG estimates by an extrapolation in truncation error (keeping at most 8000 SU (2) states), see Fig. 9 . The thermodynamic estimate from DMRG is obtained by using cylindrical clusters [51] . The asterisk denotes results from present study. (1) −0.5028 (2) to p = 0 decreases with L, but the extrapolation is not affected, since the slope is essentially unchanged [93] . By using the ground-state energy estimates on different cluster sizes, we performed a finite-size extrapolation, see Fig. 8 (c). At J 2 /J 1 = 1/8, our final estimate for the energy of the infinite two-dimensional system is:
This estimate is equal (within error-bars) with the DMRG estimate and much lower compared to VMC estimates in previous studies [see Table IV ]. It is worth mentioning that our energies are obtained with a state that has all the symmetries of the lattice, while DMRG states are obtained on cylinders with open boundaries.
B. Spin excitation gap
We now address the important issue of the spin gap. An estimation of the spin gap can be performed by constructing excited states of the DSL. Here, we consider a state with S = 2, which is particularly simple to handle, since it corresponds to a single determinant constructed by changing boundary conditions with respect to the S = 0 state, in order to have four spinons in an eightfold degenerate single-particle shell at the chemical potential; then, a unique mean-field state is obtained by taking all these spinons with the same spin (so that the total wave function has S = 2). The effect of applying two Lanczos steps on the S = 2 excited state for different cluster sizes is shown in Fig. 8(b) [see Table III for the actual values of the energies].
Before Gutzwiller projection, the mean-field state is gapless by construction (there are Dirac cones in the mean-field spectrum); however, given the U (1) lowenergy gauge structure of the mean-field Ansatz, it is not obvious that this property is preserved after projection [60] . In fact, the U (1) gauge fluctuations are expected to be wild, possibly leading to some instability of Table IV] . The values next to the DMRG data points correspond to the number of SU (2) states kept.
the mean-field Ansatz [94] . Here, we show that the S = 2 gap is vanishing in the thermodymanic limit, even after including the Gutzwiller projection [see Fig. 8(d) ], akin to the situation in the kagome Heisenberg model [91, 92] . The computation of the S = 0 and S = 2 energies allows us to obtain the extrapolated gap for each size independently, which is reported in Table III and Fig. 8(d) . Here, despite having an error-bar that increases with the system size, we can reach an extremely accurate thermodynamic extrapolation, namely, the S = 2 gap is ∆ = −0.173 ± 0.213. Therefore, our main conclusion is that our competitive spin-liquid state has gapless excitations. Our best estimate for the upper bound on the S = 2 gap is ∆ 0.04, leading to a S = 1 gap that would be approximately half of this value, i.e., ∆ T 0.02. This latter result is considerably smaller than the DMRG estimate of ∆ T = 0.30(1) [50] , which was obtained by considering cylindrical geometries L x ×L y , i.e., first performing the limit L x → ∞ and then increasing the circumference L y .
C. Spin structure factor
We finally consider the equal-time spin structure factor:
where N is the total number of sites. In Fig. 10 , we present the results for S(q) obtained within VMC for different competing variational wave functions. The gapless DSL shows well defined peaks at the corners of the Brillouin zone, which are, however, not related to the presence of a finite magnetic moment [i.e., S(q)/N → 0 with N → ∞]. The gapped symmetric Z 2 {π}A state displays a similar structure factor, even though the peaks are slightly broader and do not diverge in the thermodynamic limit. Finally, imposing nematic terms in the variational wave function, e.g., different hoppings along (1, 1) and (1, 0), easily introduces strong anisotropic features. A similar behavior is also observed in the uRVB state and its gapped and nematic descendants (see Fig. 10 ) albeit it is seen that the peaks are much more broader and diffused. From a qualitative point of view, it is seen that the spin structure profiles at large q for both the DSL and uRVB states bear a great deal of similarity to the
(Color online) RG flows of the momentum resolved spin susceptibility evaluated at the coplanar (blue) and collinear (red) ordering wave vectors for the three regimes of the phase diagram (Fig. 1) . The arrows mark the beginning of the unphysical part of the flow induced by the onset of strong (finite-range) coplanar or collinear antiferromagnetic correlations. In the spin liquid regime the flow remains physical down to Λ = 0. The small oscillations below Λ ≈ 0.1 in this flow are due to frequency discretization. (Inset) For Λ = 0.2, the susceptibility evaluated at the coplanar (blue) and collinear (red) ordering wave-vectors, as a function of J2/J1.
profiles of their gapped symmetric descendants, which is a manifestation of the similar nature of short-distance correlations in these two distinct states. Nevertheless, while for gapped states S(q) remains finite in the thermodynamic limit, for gapless spin liquids S(q) diverges for q = (4π/3, 0) and symmetry-related points.
A wide magnetically disordered phase is also obtained within PFFRG approach. As discussed in Sec. III, the presence or absence of magnetic order can be assessed from the behavior of the RG flow: in two-dimensional systems, the existence of long-range order at zero temperature is signaled by a breakdown of the RG flow, from a smooth to a rather unstable behavior; by contrast, a magnetically disordered phase at zero temperature is associated with a smooth RG flow down to Λ = 0 (the presence of small oscillations at small values of Λ are only due to the discretization of the frequencies). In Fig. 11 , we report few relevant cases for the RG flow for the spin susceptibility of Eq. (13) . For small values of J 2 /J 1 the largest susceptibility is the one with q = (4π/3, 0), corresponding to a coplanar order; by contrast, for larger values of the frustrating ratio, the largest signal comes from q = (0, 2π/ √ 3) that corresponds to stripe order. Most importantly, we find that for 0.04 J 2 /J 1 0.5 the RG flow does not show any tendency to instabilities down to Λ = 0, indicating the presence of a quantum paramagnetic state at zero temperature, see Fig. 11 . This result is also corroborated by the calculation of the full spin susceptibility in the whole Brillouin zone (this quantity is computed at Λ = 0 when possible or just before the possible breakdown when some momentum shows an instability). The final results are shown in Fig. 12 for J 2 /J 1 0.15 and Fig. 13 for larger values of J 2 /J 1 . For the former case, we also report, for comparison, the DMRG results for the equal-time structure factor of Eq. (19) . Here, the computation is performed in long cylinders (i.e., L x L y , with L y = 6 and 8) where the spin-spin correlations are taken only inside the bulk (i.e., 6 × 6 and 8 × 8). For small values of J 2 /J 1 , the spectral weight of both PFFRG and DMRG is concentrated at the corners of the Brillouin zone corresponding to coplanar 120°order. By increasing J 2 /J 1 and entering the param- agnetic regime, a smearing of the weight is observed, with progressively diffused peaks as one goes deeper into the disordered regime. One important difference is that PF-FRG gives a relatively broad paramagnetic regime, which extends from J 2 /J 1 0.04 to J 2 /J 1 0.5. The fact that PFFRG, due to frequency discretization and the current way of distinguishing paramagnetism from weak magnetic order, estimates a larger paramagnetic regime than VMC is consistent with previous results on the J 1 −J 2 Heisenberg model on the kagome lattice [29] . By further increasing the frustrating ratio, the collinear antiferromagnetic phase is reached and the weight shifts along the boundary of the Brillouin zone, see Fig. 13 . In DMRG, one observes that this shift of weight is very sudden upon going from J 2 /J 1 = 0.14 to J 2 /J 1 = 0.15. In contrast, in PFFRG the transfer of weight occurs much more gradually and starts for larger values of J 2 /J 1 ∼ 0.2. Despite these quantitative deviations, the PFFRG is accurate in tracking the central correlation profiles, enabling a comparison across methods. In particular, PFFRG is seen to provide a reliable short-range correlation profile of a phase, whereas the estimation of long-distance correlations shows more quantitative deviations.
To address the issue of the possible nematic nature of the quantum paramagnetic phase, we have computed within PFFRG the nematic response function κ P nem Eq. (15) . We observe that for any given ratio J 2 /J 1 there is an enhancement of κ P nem under the RG flow, and as one increases the ratio of J 2 /J 1 , the nematic response in-creases in a continuous manner up till J 2 /J 1 = 0.5 where the system goes into collinear stripe antiferromagnetic order. However, throughout the paramagnetic regime, we do not observe any sudden pronounced increase of nematic responses that would indicate an onset of nematic order, and it is likely that the ground state found within PFFRG is symmetric.
D. Comparison of VMC, DMRG, and PFFRG
To summarize, the energy per site obtained by VMC and DMRG for the Hamiltonian (1) around J 2 /J 1 ≈ 1/8 are equal within error-bars. Nevertheless, while both VMC and DMRG agree on the fact that a magnetically disordered phase is present close to the classical transition point, there are still discrepancies about the nature of this spin-liquid phase. VMC finds an isotropic gapless U (1) Dirac spin liquid as opposed to the DMRG results of a (potentially nematic) gapped Z 2 spin liquid. As we add PFFRG to the picture in computing the spin susceptibility profile, we find that the predominant short-range features such as peak enhancements at the corners of the Brillouin zone seem to be a common feature of nearly the whole paramagnetic domain around J 2 /J 1 ≈ 1/8 (see Fig. 12 ); however, from the equal-time spin structure factor computed by VMC, this fact is shared by both the DSL and the symmetric Z 2 {π}A state [see Figs. 10(a) and 10(b) ]. This short-range spin susceptibility picture is mainly confirmed by DMRG, whereas the nematic tendencies have not been found by VMC or PFFRG, and could possibly be rooted in the breaking of lattice point group symmetries from the outset, as found in the cylindrical geometries employed by DMRG. The latter cannot be the reason for the different findings from VMC and DMRG, as again, even allowing for nematic trial states in VMC still gives preference to the symmetric state.
How can different numerical methods find different ground states with equal energy per site and nearly identical short-range spin susceptibility profiles? The controversy is likely to be rooted in the subtle interplay between short-range and long-range correlations, and how these are accounted for numerically. It is a well established feature that the long-wavelength behavior is difficult to pin down just by energetics, as, e.g., recently pointed out in Ref. [95] . This, in turn, is the only aspect by which the competing candidate states differentiate themselves: as bulk gaps become small the distinction between a gapless and a gapped state does become a matter of long-range correlations which might not be accurately taken into account from the viewpoint of energy densities. For the DSL predominantly found in VMC, not only for Eq. (1) but also for the Heisenberg model on the kagome lattice, one line of criticism comes from the fact that there are no rigorous proofs that Dirac nodes in the fermion spectrum are stable in presence of U (1) gauge fields (e.g., a monopole proliferation is expected to generate a gapped phase). For the gapped spin liquids predominantly found in DMRG, there is threat of a bias toward lower entangled state, which likewise adds to the picture. In any case, because of the energy per site being even equal within errorbars for very different states, the paramagnetic regime of Eq. (1) is likely to become the paradigmatic test-bed for future investigations along these lines.
V. CONCLUSIONS
In this work, we have shown that Gutzwiller-projected fermionic wave functions predicts a spin-liquid phase in the frustrated Heisenberg model on the triangular lattice, for 0.08 J 2 /J 1 0.16. This results is in excellent agreement with previous DMRG calculations [50, 51] (and also coupled-cluster results of Ref. [46] ), providing an extremely competitive candidate to describe the paramagnetic ground state, namely the algebraic U (1) Dirac spin liquid. This fact contrasts the DMRG finding of a gapped (possibly nematic) Z 2 spin liquid. The existence of a magnetically disordered phase is also confirmed by PFFRG, which, however, cannot give definitive claims in the existence/absence of a spin gap. Although the issue of the gap is very important and must be definitively settled down in the future, we would like to conclude by emphasizing the fact that, huge improvements of numerical techniques (including variational wave functions, DMRG approaches in two spatial dimensions, and PFFRG for spin models) have been done in the recent past, allowing the community to reach considerably important results in various contexts. The agreement on the ground-state energies in a wide parameter regime, but also on the extent of the spin-liquid phase, represents a milestone from which other calculations will proceed. We are confident that, in the near future, further developments of these approaches will give definitive answers to the unsolved problems.
